In order to study the rotating strongly coupled Bose-Einstein condensations(BEC), a holographic model defined in an AdS black hole that duals to a coupled two-component condensations in global U (1) symmetry broken phase with intercomponent coupling η and internal coherent coupling is proposed. By solving the dynamics of the model, we study the process of formation and also the crossover from fractional to integer vortex phases. With changing only η from zero to a finite value, fractional vortex lattices undergo a transition from hexagon to square lattice and finally to vortex sheets. By continuing to turn on , we find that two fractional vortices in different components constitute dimers, and when η transcend a critical value, multi-dimer like hexamer or tetramer made up of two and three dimers appear. As keeps increasing, some dimers rotate to adjust themselves and then constitute the lattice of integer vortices. Under an initial conditions similar to an spinor BEC vortices dynamics experiment, the appearance of disordered turbulence is found in the process of fractional vortex generation, which matches the experimental observation. While in the formation process of integer vortices, the appearance of grooves is predicted. arXiv:2003.09423v1 [cond-mat.quant-gas] 
The description of the nonequilibrium dynamics of strongly interacting quantum many body systems remains one of the most challenging problems in theoretical physics. In such systems, e.g. in a rotating strongly coupled superfluid, quantized vortices play an important role and the the vortices formation dynamics is always of great interest to study. In weakly coupled systems, quantum vortices have been experimentally realized in single component rotating Bose-Einstein condensates (BECs) of ultracold atomic gases [1] . The Gross-Pitaevskii (G-P) equations based on a weakly coupled mean-field theory perfectly simulate condensation behaviors and quantized vortices in BECs at extremely low temperatures [2] [3] [4] [5] . There are several experiments which are described by weakly coupled theories, such as superfluid He [6, 7] , ultracold atoms [8] [9] [10] and Fermi superfluids [11] . However, we need to go beyond weakly coupled theories to describe a strongly coupled BECs at a finite temperature, which is still a challenging problem [12] . For decades, the anti-de Sitter(AdS)/conformal field theory(CFT) correspondence [13] [14] [15] [16] or holography has been proved to be a unique "first principle" method to study equilibrium strongly coupled quantum systems at a finite temperature or zero temperature, by solving their dual weakly coupled gravity theory [17, 18] . Also, the holographic method has successfully simulated the dynamics of a strongly coupled system far from equilibrium [19] [20] [21] [22] [23] [24] , then it is a perfect method to study the vortex formation dynamics and equilibrium state in a rotating single component strongly coupled BECs [25, 26] and also in the vortex for superconductor in a magnetic field [27] [28] [29] .
Rather than a single component BEC, the twocomponent BECs of 87 Rb with the internal coherent (Rabi or Josephson) coupling were also experimetally realized by the JILA group [30, 31] . With the development of study of vortices in ultracold atomic gases, many attentions have been paid to phenomena of vortices in multi-component condensations . In contrast to single-component BECs where only hexagonal Abrikosov lattice can form, a large number of lattice structures have been found in the two-component BECs. Such lattice structures are also expected in unconventional superconductors with multiple gap functions. When the intercomponent coupling is gradually increased, one observe transformations from the Abrikosov's hexagonal lattices to square lattices, stripe lattices and sheet lattices [34, 35] . Experimentally, a square lattice in two component spinor BEC has been found [57] and, more recently, a special lattice structure has been found in the mixture of Bose-Fermi superfluid with different masses [58] . One of alluring features in multi-component condensations is that quantized circulations for superfluids or fluxes for superconductors [59] [60] [61] [62] are not integervalued anymore but are rational or fractional. In the order-parameter field, an integer quantized vortex has a winding φ → φ + 2π while a fractional quantized vortex does a winding φ → φ + π when the order-parameter phase φ passes through a path around the vortex core [63] . However, when the internal coherent coupling is added in two-component BECs of 87 Rb experiments [30, 31] , two fractional vortices in different components form a vortex pair bound by a domain wall, as shown in FIG. 1, and richer lattice structures would appear as predicted theoritically [36, 38] . Finally, the two vortices overlap and form a integer vortex when exceeds a critical value [38] . In this paper, we study the dynamic formation process of fractional and integer vortices in strongly coupled BECs made of two components and the dynamic crossover from fractional to integer vortices in strongly interacting systems, in the frame work of the AdS/CFT correspondence. We first use the time-dependent evolution of a single component to obtain a stable hexagonal Abrikosov lattice, then switch on the second component with the same chemical potential. We thus find a bizarre turbulence phenomenon and grooves in the coupling ranges of fractional vortices and integer vortices, respectively. These were not seen in the previous theoretical analysis [64] , but are similar to the experiment [57] . Two components behave independently like a single component BECs when the two couplings constants between the two components are vanishing, while once we turn on the coupling η, there will appear a rich lattice structure, as shown in FIG. 2. Subsequently turning on , the vortices in different components will form dimers. In the dynamic evolution, we see the autonomous arrangement of the dimers in the minimum free energy state, which is confirmed in FIG. 5 shown in [65] , finally forming a lattice structure of integer vortices, as shown in
The holographic model is constructed by a dual of an asymptotically AdS spacetime in three spatial dimensions with the quantum conformal field (AdS 3+1 /CFT 2+1 ). As found in Ref. [66] , to construct a quantum field theory on the AdS boundary of two spatial dimensions, a complex scalar Ψ(x), carrying charge q under a global U (1) symmetry is proposed to live in the AdS 4 black hole. Let j µ (x) denote the conserved current operator of this global U (1) symmetry. To induce a superfluid condensate for Ψ, we will turn on a chemical potential µ for the U (1) charge. For sufficiently large µ, we expect Ψ to develop a nonzero expectation value on the boundary when the temperature falls below a critical temperature T c , spontaneously breaking the global U (1) symmetry and driving the system into a superfluid phase. To simulate a two component BECs with the same chemical potentials, there are two complex bulk charged scalar fields Ψ 1 and Ψ 2 , with charge q and the mass m j , separately coupled with two U (1) gauge fields A µ(1,2) , thus yeilding two chemical potentials µ j . We then have the bulk action
(
The inter-component coupling potential between the two charged scalar fields takes the form
where
Here, η is the intercomponent coupling coefficient and is the internal coherent (Rabi) coupling coefficient. Notice that the two components are decoupled when η = = 0, the equations of motion and the numerical scheme can be found in [65] . This situation is different from that of the model proposed in Ref. [67] , where the two components are always coupled even when both the coupling constants vanish, the vortex diagram of the model was studied and no fractional vortices were found [68] .
In FIG. 2. we show the evolution processes of the formation of vortex lattices from the holographic model Eq. 1, when µ 1 = µ 2 > µ c . We set the rotation speed to 0.1 for all dynamic processes. We first turn off the O 2 component by the vanishing condition for Ψ 2 in the dynamical process, which turns the kinetic equation into a single component equation like that in Ref. [66] . We can see that the O 1 component forms a hexagonal lattice like the first image of | O 1 | in FIG. 2 (a) . Then we give the O 2 component a slight perturbation, turn off the vanishing condition for Ψ 2 and also increase the η. Different evolution processes are illustrated in different values, such as the three subfigures in FIG. 2. We take the η = 4, and take = 0, = 0.008 and = 0.1 in subfigures (a), (b), (c), respectively, to represent the fractional vortex range of the non-attractive interaction, dimer range and integer vortex range, respectively.
In the range 0 < t < 0.7 of fractional vortices, the O 2 has no change. On the other hand, when 0.7 < t < 2.25, a condensation appears at the corresponding position of O 1 vortices, which reflects the separation of the two components. When 2.25 < t < 6.3, semicircular ripples appear around the condensation, and the direction of the ripples are opposite to that of rotation, which can be seen visually in the movie in the Supplemental Material. As evolution continues, these ripples rotate quickly and gradually spread out, forming a disorderly turbulence. This turbulence extends to the center of rotation and eventually vortices form directly in the turbulence when t = 32.04. Both the turbulence and the vortices forming in it are separated from the vortices of O 1 . Over time, vortices of the two components form a square lattice in the end.
In the range of integer vortices, different phenomenon happens. In a very short time of about t = 0.01, the two components respond. Exactly the same grooves form in the two components when 0.01 < t < 6.11. These grooves gradually shrink until they form a complete superimposed integer vortex.
When is in the range of dimers, that is, the range between non-attractive interactions and integer vortices, we find that the vortex evolution process is like a combination of the two previous processes. The grooves and turbulence appear in the front and back stages, respectively. We infer that this is because in the initial stage, O 2 has fewer components, which is difficult to condense at the position of the O 1 vortices, and so the separation cannot be shown. This indicates that the turbulence is caused by the separation interaction.
Next we investigate the dynamic evolution from fractional to integral vortices by gradually increasing , as shown in FIG. 3. Subfigures (a,b) , (c), (d) and (e) represent hexagonal, square, stripe and sheets lattices, respectively. Because the dividing line of multi-dimer/dimer and fractional/integer vortex lattices are approximatively linear between η and , it is convenient to use the ratio relation between η and to discuss the process. When 0 < /η < 0.00096 and 3 < η < 5.5, we find that multidimer bound states appear. When η takes values corresponding to hexagonal lattices, hexamers composed of If η is within the square lattice range, each bound state is composed of four vortices making up tetramers, as shown in the middle part of FIG. 3(c) . However, different from the G-P equation, there are no multi-dimers when η < 3 in our model. On the other hand, the phase separation for η > 5.5 always prevents the formation of multi-dimer bound states for extremely low value of /η. When 0.00096 < /η < 0.012, multi-dimers split into dimers. We find that dimers rotate to adjust themselves to meet the minimum energy requirements, which can be easily observed by comparing the middle and right figure in FIG. 3(b) , (c), (d), (e). This rotation behavior also results in rich rotational symmetric lattice structures. While for 5.5 < η, the free energy is minimized when vortices of the same component are close to each other, forming stripe or sheet lattice, so for in the range of the non-integer vortices, there is always a phase separation. As continues to increase to the condition /η > 0.012, vortices in different components overlap to form an integer vortex lattice, as shown in the right figure  of FIG. 3(a 
By organizing the results, we obtain the phase diagram of fractional and integer vortex lattices with 0.05 < Ω < 0.1, 0 < η < 7 and 0 < < 0.1. The results are illustrated in FIG. 4 . The bottom phase diagram of Ω − η is similar as that in the G-P equations [34] and a simplified holographic model [68] . When we take Ω = 0.1 as specified above, by increasing η from 0, we can see hexagonal lattices (0 < η < 3), square lattices (3 < η < 5.5), stripe lattices (5.5 < η < 6.5) and eventually sheet lattices (6.5 < η). When continues to increase, two vortices in each of the two components couple to form a dimer, and when η is in the range of (3 − 5.5), three or two dimers would further couple to form multi-dimers, such as hexamers and tetramers. By fitting the boundary between dimer and multi-dimer and between fractional and integer vortices, we can see two linear relationship between η and , similar to the results from the G-P equations [38] .
In summary, with the power of the AdS/CFT correspondence, we have been able to access to the strongly coupled dynamics of a two component BEC by solving the classical gravitational equations in the bulk AdS space. A unique phenomenon of turbulence and grooves during the generation of fractional and integer vortex lattices have been observed. By comparing the generation process of different parameters, we have found that the turbulence is related to the separation interaction. In addition, we have studied the evolution process from the fractional vortex lattice to the integer vortex lattice with the increase of the internal coherent coupling η. We have found many differences with the results from the G-P equation, including the criticality of the multi-dimer, the rotation of dimers and rich lattice structures with slight differences.
SUPPLEMENTAL MATERIAL

Equation of motion and numerical scheme
The model proposed in Eq. 1 is living in a black hole whose metric in Eddington coordinate can be written as
in which is the AdS radius, z is the AdS radial coordinate of the bulk and f (z) = 1 − (z/z h ) 3 . Thus, z = 0 is the AdS boundary while z = z h is the horizon; r and θ are the radial and angular coordinates. The Hawking temperature is T = 3/(4πz h ). Without loss of generality we can rescale q = = z h = 1. The probe limit is adopted in the paper by assuming that the matter fields do not affect the gravitational fields, as long as one neglects the effect of the superfluid condensate on the normal component of the fluid [1] . This is the same as the G-P equations where the normal component is not considered in the model. The equations of motion are simply
where j = 1, k = 2 or j = 2, k = 1. Under the standard holographic dictionary, the bulk scalar field Ψ(r, θ, z) can be mapped to a scalar operator Ψ i (r, θ) of a quantum field theory at the boundary and A µ (r, θ, z) can be mapped to the conserved current J µ (r, θ). The axial gauge A z = 0 is adopted as in Ref. [1] . Near the boundary, the general solutions take the asymptotic form as A jν = a jν +O(z), ∂ z A jν = b jν +O(z), (j = 1, 2). The coefficients a jr,jθ can be regarded as the superfluid velocity along r, θ directions while b jr,jθ as the conjugate currents [2] . a jt corresponds to the charge density ρ of the field theory, while b t is the chemical potential µ of which is inversely proportional to the dimensionless temperature T ∝ 1/µ. The U (1) symmetry is spontaneously broken below the critical temperature, T c , so as to increase the µ to a critical µ c , then the BECs form. In the broken phase, the field Ψ has an non-zero solution whose expansion coefficient on the boundary is the expectation value of the dual operator in the field theory.
By choosing that m 2 1 = m 2 2 = −2 with ∆ = 2, one can obtain ∂ z Ψ j = Ψ 1 j + O(z), ∂ zz Ψ j = 2Ψ 2 j + O(z), where Ψ 1 j is a source term which is always set to be zero in the spontaneous symmetry broken phase, Ψ 2 j is the vacuum expectation value O j of the dual scalar operator, which is non-vanishing in the broken phase.
The equations of motion (EoMs) are solved numerically by the Chebyshev spectral method in the z, r direction, while the Fourier decomposition is adopted in the θ direction. The radius of the boundary disk is set as r = R = 20. The Neumann boundary conditions are adopted both at r = R and r = 0, ∂ r h i = 0 where h i represents all the fields except a jθ . The rotation is introduced by imposing the angular boundary condition as a jθ = Ωr 2 [3] ,where Ω is the constant angular velocity of the disk.
From the numerical simulation of the non-rotating state with the Newton-Raphson method we found that µ c ∼ 4.07 when = η = 0, so the dimensionless critical temperature is T 0 c = In the Fig.5 we calculated the free energy (F − F n )/T of a dynamic process with parameter that Ω = 0.1, η = 4 and = 0, in which F n is the free energy in the normal state, i.e., Ψ j = 0.. It can be seen that after t = 500, the free energy reaches its lowest point and doesn't fluctuate any more. Then, we can say that after this time, the system reaches equilibrium. 
